arXiv:math/05123 87vl [math.FA] 16 Dec 2005 


TIME-DEPENDENT SYSTEMS OF GENERALIZED YOUNG MEASURES 


G. DAL MASO, A. DESIMONE, M.G. MORA, AND M. MORINI 


Abstract. In this paper some new tools for the study of evolution problems in the 
framework of Young measures are introduced. A suitable notion of time-dependent sys¬ 
tem of generalized Young measures is defined, which allows to extend the classical notions 
of total variation and absolute continuity with respect to time, as well as the notion of 
time derivative. The main results are a Kelly type theorem for sequences of systems of 
generalized Young measures and a theorem about the existence of the time derivative for 
systems with bounded variation with respect to time. 
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1. Introduction 


The notion of Young measure was introduced by L.C. Young in [25] to describe generalized 
solutions to minimum problems in the calculus of variations. Since then it has been applied 
to several problems in the calculus of variations, in control theory, in partial differential 
equations, and in mathematical economics. For the general theory of Young measures we 
refer to [3], [4], [7], [14, Chapters 2 and 3], [16], [19], [23], [24, Chapter IV], and [26]. Several 
applications are devoted to evolution problems (see, e.g., [11], [12], [17], [18], [20], and [21]). 

In this paper we introduce some new tools in the theory of Young measures for the study 
of rate independent evolution problems. To describe the content of this paper, let us consider 
a problem dehned on a time interval /, with space variable a: in a compact metric space 
X , and state variable u in a finite dimensional Hilbert space S. We assume that X is 
endowed with a given nonnegative Radon measure A with supp \ = X. Given a sequence 
Uk = Uk{t,x) of functions from IxX to S, satisfying suitable estimates, it is often possible 
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to extract a subsequence converging, for every t G I, to a Young measure Ht, which encodes 
information on the statistics of the space oscillations of Uk(t,x) at time t. 

To simplify the notation, the Young measure nt will always be regarded as a measure 
on YxS, whose projection on X coincides with A. In this introduction we will never 
consider the standard disintegration , which is usual in the classical presentation of 

the theory (see Remark 3.5). 

If we want to extend some natural notions, like total variation, absolute continuity, 
or time derivative, from the original context of time dependent functions to the general¬ 
ized context of time-dependent Young measures, we need to know the joint oscillations of 
Ukitijx),..., Uk{tm, x) for every finite sequence ti,..., of times. These are described by 
the Young measure , with state space S™, generated by the sequence of S'"-valued 

functions {uk{ti,x),... ,Uk{tm,x)). It is easy to see that cannot be derived from 

the measures fiti, ■ ■ ■, ■ Indeed, these measures give no information on the correlation 

between the oscillations at different times. The situation is similar to what happens in sto¬ 
chastic processes, where the knowledge of the distribution function of each single random 
variable is not enough to deduce their joint distribution. 

This leads to the notion of system of Young measures, defined as a family , 

where ti,... ,tm run over all finite sequences of elements of I, with ti < ■ ■ ■ < and each 
is a Young measure on X with values in S™. We assume that satisfies 

the following compatibility condition, which is always satisfied when i® generated by 

a sequence of time-dependent functions: if {si,..., s„} C {ti,..., tm\ and si < ■ • ■ < s„, 
then ^si...s„ coincides with the corresponding projection of . 

The notions of total variation (Definition 8.1), absolute continuity (Definition 10.1), or 
time derivative (Definition 9.4) can be easily defined in the framework of systems of Young 
measures in such a way that they coincide with the standard notions in the case of time- 
dependent functions. The main result of the paper is a version of Helly’s Theorem for 
systems of Young measures (Theorem 8.10): if has uniformly bounded variation, 

then there exist a system with bounded variation, a set 0 C /, with /\0 at most 

countable, and a subsequence, still denoted (Mq...t„i)) such that ^ weakly* 

for every finite sequence ti,... ,tm G Q with ti < ■ ■ ■ < tm ■ 

Another important result provides the existence of the time derivative jit for almost 
every t whenever the family (/rtj,..t^) has bounded variation (Theorem 9.7). The variation 
can be expressed by an integral involving the time derivatives when is absolutely 

continuous (Theorem 10.4). 

Our motivation for studying systems of Young measures stems from the analysis of qua¬ 
sistatic evolution problems with nonconvex energies, which arise in the study of plasticity 
with softening [10]. Since in these applications the energy functionals have linear growth in 
some directions, we have to consider the case where the generating sequence (uk{t,x)) is 
bounded in L\ {X ; S) only for r = 1. It is well known that in this case Young measures 
should be replaced by more general objects, which take into account concentrations at in¬ 
finity (see [12]). In [1] and [13] this is done by considering a pair where is a 

Young measure on X with values in S and pL °°, called the varifold measure, is a measure 
supported on A x , where Eh denotes the unit sphere in S. 

In the spirit of [12], we prefer to present these generalized Young measures in a different 
way, using homogeneous coordinates to describe the completion of S obtained by adding a 
point at infinity for each direction. We replace the pair (/i^,/r°°) by a single nonnegative 
measure /i on A xSxR (Definition 3.9), acting only on continuous functions f{x, rj) which 
are positively homogeneous of degree one in (^, 77 ). We assume that /i is supported on the 
set {rj > 0} and that the projection of Tjji onto A coincides with A. We show that, if A is 
nonatomic, then the space L]((A;S) can be identified (Definition 3.1) with a dense subset 
of the space of generalized Young measures (Theorem 5.1). 
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Using this approach, we are able to prove the results on total variation and time derivatives 
for systems of Young measures in a context that is general enough for the applications 
considered in [ 10 ]. 

2. A SPACE OF HOMOGENEOUS FUNCTIONS AND ITS DUAL 

If if is a locally compact space with a countable base and S is a finite dimensional Hilbert 
space, Mf,(if;S) denotes the space of bounded Radon measures on E with values in S, 
endowed with the norm ||u|| := |u|(if), where |u| denotes the variation of v. When S = K, 
the corresponding space will be denoted simply by Mh{E). As usual, M^{E) denotes the 
cone of nonnegative bounded Radon measures on if. If u S Mij{E) and / € L;',(if;S), the 
measure / u S Mt,(if;S) is defined by (/u)(A) := J^f dv for every Borel set A C E. 

By the Riesz Representation Theorem Mii{E;E) can be identified with the dual of 
C'o(if;S), the space of continuous functions cp: E ^ E such that {\ip\ > e} is compact 
for every e > 0. The weak* topology of Mi,{E; S) is defined using this duality. 

Throughout the paper (A, d) is a given compact metric space and A is a fixed nonnegative 
Radon measure on X with supp X = X. The symbol S will denote any finite dimensional 
Hilbert space. The spaces L'^{X;E), r > 1, will always refer to the measure A. If ^ G 
Mb{X;E), and denote the absolutely continuous and the singular part of p with 
respect to A. Measures in Mb{X; S) which are absolutely continuous with respect to A will 
always be identified with their densities, which belong to L^{X;E). In this way L^{X;E) 
is regarded as a subspace of Mb{X]E). 

In order to define the notion of generalized Young measure on X with values in S, it is 
convenient to introduce a space of homogeneous functions and to discuss some properties of 
its dual. 

Definition 2.1. Let C^°™{XxE) be the space of all /: AxS ^ R such that ^ 
is positively homogeneous of degree one on S for every x € X; i.e., f{x,t(,) = for 

every x € X, ^ G E, and t > 0. This space is endowed with the norm 

WfWhom ■■= max{|/(a:,C)| : x € X, ^ G Eh} , 

where Eh := {C G S : j^j = 1 }. 

We introduce now two dense subspaces of C^°™{XxE) that will be useful in the proof 
of some properties of generalized Young measures. 

Definition 2.2. Let be the space of all / G C^°^{XxE) which satisfies the 

following Lipschitz condition: there exists a constant a G M such that 

l/(a;. 6 ) -/(a;, 6 )l < a |6 - 61 ( 2 . 1 ) 

for every x € X and every G S. 

Remark 2.3. If / G C^°'^{XxE) and lo is the modulus of continuity of the restriction of 
/ to Ax Eh, then ( 2 . 1 ) and the homogeneity of / imply that 

l/(a;i, 6 ) - /(a; 2 , 6 )l < - /(a;i, 6 )l + l/(a;i, 6 ) - f{x 2 ,^ 2 )\ < 

< a 16 -61 + 161 w(d(a:i,a;2)). 

Exchanging the roles of 6 and 6 we obtain 

l/(a;i, 6 ) - /(a; 2 , 6 )l < a |6 - 61 +min{| 6 |, \^ 2 \} uj{d{x 1 ^x 2 )) 
for every xi,X 2 G A and every 6)6 G 

Lemma 2.4. The space C^°^{XxE) is dense in C^°^{XxE). 
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Proof. Let us fix / G x,::,). For every k > ||/||hom let us consider the Moreau-Yosida 

approximation /fc: YxS ^ M defined by 

fk{x,0 := + 1 C'-■?!}• 

Using the standard properties of Moreau-Yosida approximations it is easy to check that fk G 
(jhom^Xx'E.) (with constant k) and that the sequence fk is nondecreasing and converges 
pointwise to / (see, e.g., [ 8 , Remark 9.6 and Theorem 9.13]). By Dini’s Theorem we conclude 
that fk^f uniformly on YxS^, hence /fc ^ / in C'^°™(YxS). □ 

Definition 2.5. Let C'^°"*(YxS) be the space of all / G C'^°™(YxS) which satisfy the 
triangle inequality /(a;,^i -I-C 2 ) < f{x,fi) + fix,£, 2 ) for every x G X and every , ^2 € S. 

Remark 2.6. As |/(a:,^)| < |CI ll/IUorru each / G C^°'"(YxS) is Lipschitz continuous 
with respect to f and satisfies 

l/(a;,Ci) - /(a;, 6)1 < ICi -61 WfWhom 

for every x G X and every 6 ? 6 ^ Therefore C^°™(YxS) C C'lf’^{XxE). 

Lemma 2.7. The space of functions of the form /i — 6 , with fi, 6 G C^°'"(YxS), is 
dense in C^°"^(XxE). 

Proof. Thanks to the obvious density in C^°^{XxE) of the space of f G C^°'^{XxE) 
such that f{x, ■) belongs to C'^{E \ { 0 }) for every x, it is enough to prove that every such 
function can be written as / = /i — / 2 j with /i, 6 G C'^°"‘(YxS). To this aim it suffices 
to show that there exists a constant c := c(/) such that 6 ( 2 ;, C) := cj^j — f{x,f,) is convex 
in f for every x G X. A simple calculation shows that the quadratic form corresponding to 
the Hessian matrix of 6 with respect to ^ at a point (x, e), with e G , is given by 

Dlf 2 {x, e) 6 e = C - c (6 e)2 - D|/(x, e) 6 6 (2.2) 

By the Euler relation we have D^f{x,f)f = f{x,f). Taking the derivative with respect 
to f we obtain D'^f{x,ff)f = 0 for every in particular D^f{x,e) has an eigenvalue 0 
with eigenvector e. This implies that there is a constant b{x,e) such that Il|/(a;,e) 6 ^ ^ 
b{x,e) where '■= f — [f ■ e) e is the component of f orthogonal to e. As b{x,e) 

is bounded by the continuity of the second derivatives of /, and — ( 6 ^)^, by 

(2.2) there exists a constant c such that D‘^f 2 {x, e) is positive definite for every x G X and 
every e G hence f 2 {x,£,) is convex with respect to f for every x G X. □ 

Definition 2.8. The dual of the space C^°™{XxE) is denoted by M^{XxE), and the 
corresponding dual norm by || • ||*; the weak* topology of M^,{XxE) is defined by using 
this duality. It is sometimes convenient to write the dummy variables explicitly and to use 
the notation {f{x,ff),p.{x,ff)) for the duality product {f,p). The positive cone Mf'{XxE) 
is defined as the set of all pL G M* {X x 5) such that 

(/j m) > 0 for every / G C'^°™(Yx5) with / > 0 . 

Remark 2.9. It is easy to see that for every p G Mf~(XxE) we have 

Strictly speaking, the elements p of M^{XxE) are not measures, because they act only 
on homogeneous functions. However, the notion of image of p under a map ip can be defined 
by duality, as in measure theory. 

Definition 2.10. Let 5 and E' be two finite dimensional Hilbert spaces and let ip: XxE ^ 
XxE' be a continuous map of the form ip(x,f) = (x, (p(x, f)), with (p: XxE ^ E' positively 
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one- homogeneous in ^. The image of fj, € M* {X x S) under is defined as the element 
of M*(XxS') such that 

for every / S C^°^{XxE'). 

Similarly we can define the notion of support of ^ G M*(X xS). We say that a subset C 
of XxE is a S-cone if (x,^) G C => {x,t^) G C for every t > 0. 

Definition 2.11. The support supp/i of /x G M*(XxS) is defined as the smallest closed 
S-cone C C Xx'E, such that (/,/x) = 0 for every / G C'^°™(XxS) vanishing on C. 

Remark 2.12. For every /x G Mh.(XxS) there exists a measure /x G Mb{Xx'E) with 
compact support such that 

(/,m)=/ fdfi (2.3) 

JxxS 

for every / G C^°"^{X xS). A measure with this property can be constructed by considering 
the continuous linear map on C{XxY,s) dehned hy g (ICl5(a;, C/I^Di ^( 2 ^) ■?)) • By the 
Riesz Representation Theorem there exists jl G Mb{XxYj‘=) such that 

{\£,\9{x,^/\S,\),h{x,S,)) = [ gdg 
Jxx'Ss 

for every g G (^(AxSh). Regarding /x as a measure on AxS supported by AxSh, we 
obtain (2.3). This construction suggests that the measure jl satisfying (2.3) is not unique; 
indeed, we can repeat the same construction with replaced by any other concentric 
sphere. 


For the applications it is convenient to extend some of the previous results to a suitable 
space of possibly discontinuous functions. 


Definition 2.13. Given two finite dimensional Hilbert spaces ^ and , let B!^"^{X xS; ^') 
be the space of Borel functions /: AxS ^ S' such that 

(a) for every x G X the function ^ 1 -^ is positively homogeneous of degree one 

on S, 

(b) there exists a constant a G M such that |/(a;,^)| < a|^| for every (cc,^) G AxS. 
The smallest constant a satisfying the previous inequality is denoted by ||/||/iom. When 
S' = R, the corresponding space will be denoted simply by B^'^{XxE). 


Definition 2.14. For every / G i?^”''(Ax.=,) and every n G M^:{Xx^) the duality product 
(/, /x) is defined by 


if, m) := / fdji, 

Jxxs 

where /x is any measure satisfying the conditions of Remark 2.12. By homogeneity the value 
of (/)M) does not depend on the particular measure jl chosen in (2.3). The same definition 
(with values in IRU{+oo} this time) is adopted if /x G M+(AxS) and /: X xS ^ RUj+oo} 
is a Borel function such that f{x,^) is positively homogeneous of degree one in ^ and 
f{x,0 ^ for some constant c > 0 . 


Let TTx : Ax.=, ^ A be the projection onto A. We now define the image under wx of 
the product /i/x of an element /x of M* (A x S) by a homogeneous function h. 

Definition 2.15. Let S and S' be two finite dimensional Hilbert spaces, let n G M*(A xS), 
and let h G i?^”''(AxS; S'). The measure 7 rx(h/x) is the element of Mb{X;E') such that 


ip-dxxihg) = {ip(x) ■ h{x,^),g{x,^)) 


lx 


for every (p G C{X;^') , where the dot denotes the scalar product in 


(2.4) 
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Remark 2.16. For every jl G Mt,(XxS) satisfying (2.3) we can consider the Radon measure 
hfi G Mb{XxE; S') having density h with respect to /i. It is easy to check that the measure 
TTx{hfi) defined by (2.4) coincides with the image under ttx of the measure hjl. Note that 
the measure hjl depends on the choice of fi satisfying (2.3), while, by (2.4), its projection 
TTxihp.) does not. 

Remark 2.17. It follows from the definition that we have the estimate 

\\^^x{h^i)\\ < \\h\\hom\\fJ^\\* 

for every G M^{X xS) and every h G B^"^{X xS; S'). 

3. Generalized Young measures 

As mentioned in the introduction, the notion of generalized Young measure is used to de¬ 
scribe oscillation and concentration phenomena for sequences which are bounded in L'~{X; S) 
only for r = 1. To study concentration phenomena, where the sequences tend to infinity 
along given directions in the space S, it is useful to introduce homogeneous coordinates. 
This is done by replacing the space S by SxK., whose generic point is denoted by 
the set of points with 77 = 1 is identified with S, while points with 77 = 0 are interpreted as 
directions at infinity. 

In our presentation the space of generalized Young measures will be a subset of the space 
M+(AxSxR), where SxR plays the role of the Hilbert space S of the previous section. 
Before describing this set, we first consider generalized Young measures associated with 
functions. 

Definition 3.1. Given u G L^(A;S), the generalized Young measure associated with u is 
defined as the element Su of M+(AxE!x]R) such that 

{f,Su)=[ fix,u{x),l)dX(x) 

Jx 

for every / G ^'“’"'(AxSxR). 

In the spirit of [15] and [22] we extend this definition to measures p G Mb{X] S). 

Definition 3.2. Given p G Mf,(A;S), the generalized Young measure associated with p is 
defined as the element Sp of M+(AxSxIR.) such that for every / G G^°™(AxSx]R) 

{f,Sp)=f f{x,^{x),^{x))da{x), 

Jx 

where a is an arbitrary nonnegative Radon measure on X with A << a and p « a. 

The homogeneity of / implies that the integral does not depend on a and that the 
definitions coincide when p = u G L^(A;S). The norm of 5p is given by the following 
lemma. 

Lemma 3.3. Let p G Mf,(A; S). Then 

ll^plU= [ VT+W?d\ + \P^\{X)<X{X) + \P\{X). 

Jx 


Proof. Let us consider the Borel partition X = U A® with A(A®) = 0 = |p®|(A“) and 
let cr := A -I- |p®|, so that cr = A on A“ and a = |p®| on A®. By Remark 2.9 we have 
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We recall the definition of Young measure. 

Definition 3.4. A Young measure on X with values m S is a measure u £ M^{Xx'E) 
such that TTx{v) = A. The space of Young measures on X with values in S is denoted by 
Y(Y;S). For every r > 1 let y’'(Y;S) be the space of all u S Y(A';S) whose r-moment 

[ dv{x,^) 

JxxB. 

is finite. 

Remark 3.5. By the Disintegration Theorem (see, e.g., [23, Appendix A2]) for every u G 
Y(Y; S) there exists a measurable family of probability measures on such that 

^g{x,Odv{x,S,) = (^j^g{x,S,)dv^{0) d\{x) 

for every bounded Borel function (/: YxS —> R. The probability measures are uniquely 
determined for A-a.e. x G X. 

Definition 3.6. Given u G Y^{X;'E.), the generalized Young measure associated with v is 
defined as the element V of M+(ArxE!x]R) such that 

:= / f{x,^,l)diz{x,^) 

JXxE 

for every / G C^^^{XxExR). 

Remark 3.7. It follows from Remark 2.9 that 

\\m*=f dix{x,0 < X{X) + [ \^\diy{x,0. 

JxxS JxxS 

Remark 3.8. If fi = 6p for some p G Mt,{X;E), the following properties hold: 

supp^ C AixSx [0,+c«), (3.1) 

7!'x(»7m)=A. (3.2) 

We will refer to (3.2) as the projection property. According to (2.4), it is equivalent to 

((p{x)r], p{x,^,r])) = / ifdX for every (p G C(AT). (3.3) 

Jx 

Properties (3.1) and (3.2) continue to hold if p = v for some u G Y^{X]E). 

This motivates the following definition. 

Definition 3.9. The space GY{X;E) of generalized Young measures on X with values in 
S is defined as the set of all p G M+(ArxE!x]R) satisfying (3.1) and (3.2). On GY(Y;S) 
we consider the norm and the weak* topology induced by M^.{XxEx'R). 

Remark 3.10. By approximation we can prove that (3.3) holds for every p G GY{X;E) 
and for every bounded Borel function p: X —> R. 

The sequential compactness of every bounded subset of GY (AT; S) is given by the follow¬ 
ing theorem. 

Theorem 3.11. Every bounded sequence in GY{X;E) has a subsequence which converges 
weakly* to an element of GY (AT; S). 

Proof. Since GY{X;E) is closed in the weak* topology of M*(ArxSxR), the result follows 
from the Banach-Alaoglu Theorem. □ 

Remark 3.12. If pk is a sequence in GY {X; S) which converges weakly* to p € GY (AT; S), 
then ll^fcll* —> ll^ll* by Remark 2.9. 
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Remark 3.13. If /: XxSxM ^ K U {+C!o} is lower semicontinuous, ( 5 , 17 ) 1 -^ 
is positively homogeneous of degree one, and f{x.^,ri) > —+ |? 7 p for some constant 
c > 0, then 

(/,m) < liminf {f,fXk) 

k^oo 

for every sequence fik in GY{X;'E.) which converges weakly* to fi € GY{X;'E.), where 
(/, •) is defined by (2.3). Indeed, any such / is the supremum of a family of functions in 
C''‘°™(XxSx]R). 

In the case of a generalized Young measure 71 S GY {X ; S) the duality product (/, /r) can 
be defined for every / in the space i?^™(XxSxIR) introduced by the following definition, 
which is slightly larger than the space i?^’”(YrxSx]R) considered in the previous section. 

Definition 3.14. Given two finite dimensional Hilbert spaces S and S', we consider the 
space H((('™(YrxSxR; S') of all Borel functions /lYTxSxR^S' such that 

(a) for every x G X the function (^, 77 ) 1 -^ f{x, rj) is positively homogeneous of degree 
one on SxR, 

(b) there exist a constant a S K. and a function b € L^{X) such that 

\f{x,^,r])\<a\^\+b{x)\r]\ (3.4) 

for every {x,^,r]) gXxSxR. 

When S' = R, the corresponding space will be denoted simply by {X xExM.). 

Lemma 3.15. Let fj, S GY{X;'E.) and let jl G Mf,(XxSxIR) be a measure with compact 
support satisfying (2.3). Then every f G {XxExM.) is ft-integrable. 

Proof. Let us fix / G (XxSxR) . For every k let fk be defined by fk{x,^,r]) := 

f(x,(,,r]) if [/(a;,^, 77)1 < a|^| + fc|77|, and by fkix,(,,r]) := 0 otherwise. Then we have 


/ \fk\dfL < / 

IXxSxR Jxxl 


[a|CI + {Kx) A k)\ri\]dfL = (a|^| + {h{x) A k)\ri\, p,{x,f,,ri)) < 


< (a|^|,/7(x,^,77)) + [ bd\. 

Jx 


It follows from Fatou’s Lemma that / is /i-integrable. □ 

Definition 3.16. Given / G i?^™(XxSxIR) and pL G GY{X;E.), the duality product 
(/, p.) is defined by 

(3.5) 


{f,T) ■■= f fdfi 

J XxHxR 


where ft G Mb{XxExh 
replaced by SxR. 


is any measure with compact support satisfying (2.3), with 


Remark 3.17. The integral in (3.5) is well defined by Lemma 3.15. It is easy to see that 
the value of this integral does not depend on the choice of f satisfying (2.3), and that 

|(/,m)I < a il/xll* + ||6||i, 

where a and b satisfy (3.4) and ||&||i denotes the norm of b. 

We now consider the image of a generalized Young measure. 

Definition 3.18. Let S and S' be two finite dimensional Hilbert spaces and let tp: XxSxR. 
^ X xS'xR be a map of the form -(({x, 77) = {x, (p{x, 77), 77) , with ipGB(^(f{X xSxR; S'). 

The image tpip) ot p G GY(X;S) under ip is defined as the element of GY{X;E') such 
that 

(/. i’ih)) = if = {fix, t{x, 77), ii),p{x, C, 77)) 

for every / G (XxS'xR) . 


(3.6) 
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Remark 3.19. Under the assumptions of the definition the function f o -ip belongs to 
B^y-{XxExR), so that the duality product (/ o ■0,/r) is well defined. Moreover, by the 
particular form of the map ip, the element of M+(XxS'x]R) defined by (3.6) satisfies (3.1) 
and (3.2), therefore it belongs to GY{X;E'). 


4 . Comparison with other presentations of the theory 


In this section we show that every /i G GY{X; S) can be represented by a unique Young 
measure-varifold pair where /i^ G Y^{X;E) and fx°° G Mj)"(YxSh). To intro¬ 

duce this representation, we recall that Y^ {X ; S) can be identified with a suitable subset of 
GY{X-,E) (Definition 3.6). The following definition identifies the measures in M^{XxTi~) 
with particular elements of M*(YxSxIR). 


Definition 4.1. For every v G M^{XxYi-) let v be the element of M*(YxE!x]R) defined 
by 


Jxx'Ss 


for every / G C''‘°™(YxSxR). 


Remark 4.2. It follows from the definition that = 0 for every u G M^{XxT,e,)- 

Since does not satisfy the projection property (3.2), it does not belong to GY{X-,E). 


The main result of this section is the following theorem. 

Theorem 4.3. Let n G GY{X;E). Then there exists a unique pair (/i^,/x°°), with pX G 
Y^(Y;S) and p°° G Mj^(XxYs), such that 

p = + p°° , 

which is equivalent to 

{f,p)=f f{x,XXdp^ix,0+ f f{x,XO)dp°°{x,0 (4.1) 

JxxS JxxSs 

for every f G i3^’{*(YxSx]R). 

Remark 4.4. The converse of Theorem 4.3 is also true: if p^ G Y^(Y;S) and p°° G 
Mb{XxYs), then formula (4.1) defines an element of GY(Y;S). 

Remark 4.5. Let X°° := Trx{p°°) ■ Since A = Trx{p^), by the Disintegration Theorem (see, 
e.g., [23, Appendix A2]) there exist a measurable family {p^’^)x^x of probability measures 
on S and a measurable family {p^’°°)x^x of probability measures on Eh such that 

{f,p)=[ f{x,f,l)dp^{x,f)+ [ f{x,f,0)dp°°{x,f) = 

JXxE JXxEs 

^IxUe ^IxU^ 

for every / G B!ffpf{X xExR). 

Remark 4.6. Thanks to Remark 2.9, if we apply (4.1) to f{x,f,r]) = -|- jryp, we 

obtain 

M*= ! ^/l^dp^{x,f)Yp^{XxY^)< 

JXxE 

<X{X)+ [ \f\dp^ix,f) + p^{XxYs). 

JxxE 
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Proof of Theorem 4-3. For every Borel function g: Xx^ —>■ R with 

^)l 

Kn := sup — , < +CX) , 

(a;,^)eXxH a/ 1 + |CP 

we consider the Borel function ipg-. defined by 


(4.2) 


Tg{x,^,V) 


i 19 { x ,£./ v ) if?7>0, 

0 if ?7 < 0 . 


Since (pg S xExR), we can consider the duality product {pg,g,). The function 

g 1 -^ {pg,g) is linear, bounded, and positive on C'o(XxS). By the Riesz Representation 
Theorem there exists gX S {X x S) such that 


{Tg,T)=[ (4.3) 

Jxxs 

for every g G C'o(XxS). As \\g\\hom < Kg, we have 

/ 9ix,f)dg'^{x,0\ < Kg\\g\\^ 

JxxS 

for every g G C'o(XxS). By approximation we can prove that 

/ \^\dg^{x,0<M* (4.4) 

Jxxs 

and that (4.3) holds for every Borel function g: XxE R satisfying (4.2). By (3.2) we 
have TTxig^) = A, which, together with (4.4), gives G Y^{X]E). 

For every bounded Borel function h: Xx Sh ^ R we consider the Borel function iph '■ 
X X S X R ^ R defined by 


iph{x,£.,r]) 


ICI ^(a;,?/|^|) if?7 = 0,C7^0, 
0 otherwise. 


Since iph & B!ff™{XxExM.), we can consider the duality product {ifh^g)- The function 
h 1 -^ {iphjg) is linear, bounded, and positive on C^XxI]-,)- By the Riesz Representation 
Theorem there exists G M^{XxY^) such that 


{ij)h,g)= [ hdg°° (4.5) 

Jxx'Ss 

for every h G C'(AIxSh). By approximation we can prove that the previous equality holds 
for every bounded Borel function h: Xx 11= ^ R. 

Given any / G (^xSxR), we consider the functions giXxE^M. and h: XxY-b. 

R defined by 

9{x, 0 ■■= fix, 1), hix, f) := fix, f, 0). 

By homogeneity we have f = (pg + iph on XxSx [0,+cx)). Then (4.1) follows from (3.1), 
(4.3), and (4.5). The result can be extended to f G B^"^'^iXxExM) by approximation. 

The uniqueness of the pair ig^, g°°) can be deduced from the fact that, if (4.1) is satisfied, 
then (4.3) holds for every g G C'o(A'xS), while (4.5) holds for every h G CiXxY-,). □ 


Remark 4.7. It is easy to prove, by approximation, that (4.1) continues to hold when 
/: XxSxR ^ RU{+cx)} is a Borel function such that fix, g) is positively homogeneous of 
degree one in (^, g) and satisfies the inequality fix, f,, g) > —+ jryp for some constant 
c > 0. This allows to characterize the generalized Young measures associated with Young 
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measures with finite r-moment, r > 1, using the homogeneous functions {Pr}' ^ 

[0, +cxd] defined by 

(4.6) 

I +CX) if ly < 0 . 

Indeed, for r > 1 formula (4.1) implies that /i = with fjX £ Y‘”{X;'E,) if and only if 
{{Pr},fi) < +00. 

Let ijjQ : JfxSxR^JfxSxlR be the Borel map defined by 

{x,^,ri) if 77 7^0, 




{x, 0, 0) if ?7 = 0 . 


Note that ipQ satisfies the conditions of Definition 3.18. 
For every / £ i?^°"‘(XxSxIR) we have 


if = 


fix, tv) if?? 7 ^ 0 , 

^0 if 77 = 0 . 

From (4.1) it follows that for every /i £ GY{X]E) 

{f,^^) = if = if 

hence = ipQ (/i). 


Lemma 4.8. Let ^ and he two finite dimensional Hilbert spaces, let p £ GY(X;^), let 
Ip: XxSxR. ^ XxS'xR. be a map as in Definition 3.18, and let v := ip iff) ■ Then 

= Ipijt') , 7 >°° = IpifP^) . 

Proof. The former equality follows from the fact that ip o ip. The latter follows 

now from Theorem 4.3 by the linearity of the map pL i—> ipiff). □ 


Combining the compactness property (Theorem 3.11) and the representation formula 
(Theorem 4.3) we recover the following result, originally proved in [1] (see Remark 4.5). 

Theorem 4.9. Let Uk be a bounded sequence in L^(X;S). Then there exist a subsequence, 
still denoted Uk, a Young measure fjt £ T^(X;S), and a measure p,°° £ Mt,{X xY-b) , such 
that 

[ gix,Ukix))d\{x) — >[ gix,tdfj,^ix,t+ [ g°°ix,£,)dp°°ix,t) (4.7) 

Jx JxxE JxxT.'b 

for every continuous function g: XxS ^ R such that for every (xq, ^o) ^ XxS the limit 

9°°ixo,fo)-= lim , V9ix,£./v) 

x^xo, 

r)^0+ 

exists and is finite. 


Proof. Let us consider the sequence Su,. in GT(X;S) introduced in Definition 3.1. By 
Lemma 3.3 we have HX^II* < sup^ ||uj||i + A(X) < +oo. By Theorem 3.11 there ex¬ 
ists a subsequence, still denoted Uk, such that converge weakly* to an element fj, of 
GY (Jf; S). Let g be as in the statement of the theorem and let /: X xSxR ^ R. be defined 
by 


fix, tv) 


V9ix,i/v) if? 7 > 0 , 
g°^ix,t) ifr7<0. 


It is easy to check that / is continuous in (x, t v) 9 -nd homogeneous of degree one in (t v) ■ 
Therefore, the weak* convergence of Su,, to fj, implies that 


gix,Ukix))dX{x) = / f{x,Ukix),l)dXix) —^ {f,fi) ■ 


lx 


lx 


(4.8) 
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By Theorem 4.3, taking into account the definition of /, we obtain that there exists a pair 
(/i^, , with e S) and G Mj^(Xx Eh) , such that 


JXxE JXxY,-e. 

The conclusion follows from (4.8) and (4.9). 


(4.9) 

□ 


5. A DENSITY RESULT 


In this section we prove that, if A is nonatomic, then the generalized Young measures 
of the form Su associated with functions u € L^(X;E) are dense in GY(X;E). The main 
result is the following approximation theorem. 

Theorem 5.1. Assume that A is nonatomic and let fj, G G'Y(A;S). Then there exists a 
sequence Un in L^(A;S) such that 6u„ fJ, weakly* in G'Y(A;S). 


Proof. We consider the decomposition 

H =JI^ + fl°° 

of Theorem 4.3 and we fix a sequence (t„ converging to 0 with 0 < an < min{l, A(A)}. 
For every n we consider two countable partitions 5 = IJ^ i where 

the sets 13”’^ and satisfy 

diami?"’^ < (j„ and diami3"’°° < (t„ . (5-1) 

Let A^ := 7rx(\/rT]^/x^) and A°° :=7rx(/r°°); i.e., 

\^{A)= [ + and A“(A) =/x“(AxEh) 

JaxE 

for every Borel set A C X. As X = ttx (m^) > the measure A^ is absolutely continuous with 
respect to A. 

Let us consider the partition X = A“ U A®, with A(A®) = 0 = A°°’®(A“), where A°°’® is 
the singular part of A°° with respect to A. To prove the theorem, for every n we will consider 
a new partition X = A"’“ U A"’®, where A"’“ and A"’® are suitable approximations of 
A“ and A® such that A(A"’“) > 0 and A(A"’®) > 0. We will construct the approximating 
sequence by defining it separately on A”’“ and A”’®. 


Step 1. Definition of Un on A"’®. We begin by constructing A"’®. For every n we can 
find a countable Borel partition A® = IJ - A"’'* U A”’®, where each A"’'* is closed, 

diam A”’® < a„/2, and A°°(A”’®) = 0. (5.2) 


In the following, given a subset E C X and a radius r > 0, the r-neighbourhood of E will 
be denoted by 

{E)r := {x G A : d{x, E) < r} . 

Since A(A"’'*) = A^(A"’'*) = 0 and A((A"’'*)j.) > 0 for every r > 0, we can construct 
inductively a decreasing sequence r” such that 0 < r” < ct„/ 2, 


We define 


X((Xr)r^)<anX^(Xr), 
A^((A”’*),n) <2-V„, 
A“((A”’"),n\A®) <2-V„, 


Ar :=(AD.?\U,>.(^r) 


(5.3) 

(5.4) 

(5.5) 

(5.6) 


By (5.6) we have 


A(Ar)>iA((Ar).r)>0, 
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while (5.2), together with the inequality 0 < r” < cr„/2, yields 

diamA"’® < CT„ . (5 

By (5.3) we have 

0 < KA^) < <JnX^{xr) = a„M“(^”’*xI]H) = . 

Since A is nonatomic we can find a countable Borel partition A”’® = (J^ such that 


For every n we define 


0 < A(AI”/) < a„/x“(X”’®xB”’“). 


:=U, A”’^UX®. 


Note that by (5.4) and (5.5) we have 

A^(X”’®) < an and A“(X”’® \ X®) < 


We define 


.„(x) := for x€AI 


(5.10) 


(5.11) 


where are arbitrary points of and 


By (5.8) we have that 


/x°°(X”’®xB”’°°) 

A(Ip 

c” > l/cr„ . 


(5.13) 


By (5.12) and by (5.13) we have 

[ Vl + |w„PdA< A“(X®)v/l + a^ (5.14) 

Step 2. Definition of Un on X”’“ . We set 

Xn,a ■-x\ X"’® . 

In order to define Un on X”’“ we consider a countable Borel partition X"’“ = IJ^ Af ’°‘, 
with Af'°' satisfying 

0 < diampl”’“ < (j„ . (5.15) 

As X”’“ C X“ by (5.9), A°° is absolutely continuous with respect to A on X"’“. Since A 
is nonatomic, for every i we may choose Q < < an and two disjoint Borel sets Af'^ and 

A"’°° in such a way that A"’“ = A"’^U A"’°° and 

A(A”’“) = £(‘A“(A(*’“) < a„A(A”’“). (5.16) 

Since A is nonatomic and 

£rA“(A”’“) =erM“(^rxEH) = Y.jS>°°{A7’"xBJ’°°), 

we can also find a countable Borel partition A"’°° = (J^- Af-°° such that 

A(A(;’“) = e>“(Al”’“xB;’“). (5.17) 

Note also that by (5.16) we have 

X{Af^^) = X{Afn - X{Afn > (1 - X{Afn 

and so there exists 0 < 5^ < an such that A(A"’^) = (1 — (5”)A(A"’“). As A = nxitA'), 
arguing as before we may find a countable Borel partition Af’^ = (J^- A”’^ such that 

A(Ar/) = (1 - 5r)/i^(Ar’“xB;’^). (5.18) 

We are ready to define u„ on X”’“ by setting 

Unix) := for X G A”-^ and u„(a;) := ^ ^ ’ (5.19) 
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where are arbitrary points in and are the points of chosen in (5.11). 

Using (5.17) and (5.18) it is easy to check that 

[ Vl + dX < (t„A(X) + X^{X) + A“(X"’“)v/r+^. (5.20) 

By (5.14) and (5.20) we have 

f Vl + |u„|2 dX < an\{X) + X^iX) + A°°(X)yrT^, (5.21) 

Jx 

which implies that Un is bounded in L^{X;'E,). It follows from Lemma 3.3 that I|(5„„||* is 
uniformly bounded. 

Step 3. Proof of the convergence. Thanks to Lemma 2.4, to prove the weak* convergence 
of it is enough to show that 

(5.22) 

for every function / e C)(°™(XxSxK). Let us fix / G C)(°™(XxSx]R). By Remark 2.3 
there exist a constant a G K and a continuous functon w: [O + oo) ^ [O + oo), with (X’(O) = 0, 
such that 


(5.23) 


l/(a;i,Ci.’7i) - /(a;2,6.’72)| < aA/l|r^C2F-H^i"^-^^ + 

+ w(d(a;i,a:2))niin{A/|^i|2 + jryiP, + |i?2p} 

for every xi,X2 G X, ^1,^2 G S, 771,772 G M. 

By definition we have 

(/.<5«„)= [ f{x,Un,l)dX+ [ /(a:,M„,l)dA. (5-24) 

Jx^’‘ 

By (5.19) the first integral in the right-hand side can be written as 

f f{x,Un,l)dX = Y^ + = 

where a:"’“ are arbitrary points in A"’“ and the remainder tends to 0 as a consequence 
of (5.15), (5.17), (5.18), and (5.23), which lead to the estimate 

IC^I < u;{a„) E A(A5^) + o;(a„) E ^WE) < 


(5.25) 


< a„ Loian) A(X"’“) + a;(a„) A'^(X”’“) + a;(a„) A°°(X"’“)yTT^. 

On the other hand by (5.17) and (5.18) we have 

E1) HKf )+E i) = 

= E(i - E"'’ 1) xE’^) + 

= [ f{x,^,l)dp.^{x,^)+ f f{x,^,0)dp,°°{x,f)+ r^’^, 

JxxB. dX“xSs 

where the remainder r“’^ tends to 0 as a consequence of (5.1), (5.10), (5.15), and (5.23), 
which lead to the estimate 

kn’^l ^ (2a(J„ -|- U}{(7n)) (A^(X) -|- X°° {X°') a/I -b cr2 ) -|- 2a(J„ . 


(5.26) 
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From (5.25) and (5.26) we obtain 

[ /(x,u„,l)dA = /" f /(a;,^,0)d^“(a:,C)+r“, (5.27) 

JXri.a JXXE 

where := tends to 0. 

By (5.11) and (5.12) the second integral in the right-hand side of (5.24) can be written 
as 

J ^J{x,Un,l)dX = y]/(a;"’",c'*^^"’“,l)A(pl"/) , (5.28) 

where x”’* are arbitrary points in X”’® and the remainder r®d tends to zero as a conse¬ 
quence of (5.2), (5.7), (5.12), (5.13), and (5.23), which lead to the estimate 


|ry|<u;(a„)A“(X^)yrT^. 


On the other hand by (5.12) 


^/(x^’^c^,^;’“,l)A(Aly) = ^/(xr,c”’“,i/cr,)/x“(xrxB”’“) = 


/(a;,^,0)dAi“(a;,C) +<’2 , 


(5.29) 


/A'>xSh 


where the remainder tends to 0 as a consequence of (5.1), (5.2), (5.13), and (5.23), 
which lead to the estimate 


K’^l < (atT„ -f w((t„)a/ 1 -b cr2)A°°(X^). 

From (5.28) and (5.29) we obtain 


[ f{x,Un,l)d\= [ f{x,^,0)dfj,°°{x,^) + 

Jx^'‘ Jx^x'Ss 


(5.30) 


where := tends to 0. 

From (4.1), (5.24), (5.27), and (5.30) we obtain (5.22), which concludes the proof of the 
theorem. □ 

Remark 5.2. If is a sequence in L^{X;E) such that Su„ /c weakly* in GV(X;E), 
then 


a/I -I- |u„p dA 


lx 


by Lemma 3.3 and Remark 3.12. 


6 . The notion of barycentre 


In this section we study some properties of the barycentre of a generalized Young measure. 


Definition 6.1. The barycentre of a generalized Young measure /r € GY(X;^) is the 
measure bar(/r) e Mh{X;E) defined by 

bar(^) = 7rx(^M) ■ 


Remark 6.2. By Definition 2.15 a measure p G Mb{X]:X) coincides with bar(/i) if and 
only if 


[ ip-dp= {ip{x)-^,fi{x,^,'n)) 


( 6 . 1 ) 


Jx 

for every p G C{X;E). By approximation we can prove that the same equality holds for 
every bounded Borel function cp : X —>■ E. 
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Remark 6.3. Let fx = Jl^ + fi°° be the decomposition of Theorem 4.3, let 
and be the families of probability measures introduced in Remark 4.5, and let 

:= 7rx(/r°°). We consider the functions vX: fl ^ E and : O ^ S defined by 

uY{x) := and u°°{x) := J 

Then bar(^) = + u°° X°°. In particular, if ^ = jX, then bar(^) = G X{X;E). 

Therefore, bar((5„) = u for every u € X(X; S). It follows immediately from Definition 3.2 
and (6.1) that we have also bar((Ip) = p for every p G Mb(X;E). 

Remark 6.4. From Remark 2.17 we obtain 


||bar(/x)|| < ll^ilU . 

If Mfc ^ M weakly* in GY{X]E), then bar(^fc) ^ bar(/x) weakly* in Mi,{X;E). If p = tX 
with pX G y’'(X;S) for some r > 1, then Remark 6.3 implies that bar(/r) G L^{X;E) and 

\\ha.r{p)\\r < (^ dp^ixX)) ' = , 

where || • ||r denotes the norm in LTiX^E) and {Pr} is the homogeneous function defined 
in (4.6). 


We now prove the Jensen inequality for generalized Young measures. 


Theorem 6.5. Let f: XxSxR ^ R U {+oo} be a Borel function such that (Xv) 
fix,Xv) is positively one-homogeneous, convex, and lower semicontinuous for every x G X 
and satisfies the inequality 


f{x,Xv) > -c\/|CP + hp 


for some constant c. Then 


for every p G GY (Y; .^). 


(/,'Jbar(p)) < (/,M) 


( 6 . 2 ) 


Proof. Let us fix /x G GY (Y; S), let p := ha,r{p), and let a G (Y) be such that p « a 
and X << a. We consider an increasing sequence of functions fk converging to / such that 
each fk has the form 

fkix, X X) = sup {ai{x) ■ f + bi{x)rii} 

l<i<k 

with Oi'. X ^ S and bii X ^ R bounded a-measurable functions (see, e.g., [6, Theo¬ 
rem 2.2.4]). For every k there exists a Borel partition (Sf )i<i<fc such that 


k 


Oi • dp + 



By (3.2) and (6.1) we obtain 



ai-dp + 



btdX = {{ai{x)X + h{x)r])lB^{x),p{x,Xv)) < 


< {f{x,XvXB^ix),T{xX,v))- 


Summing over i we get 


f fkix, ^,^)da < {fix, X X,Lix, X X) 
Jx 


and taking the limit with respect to k gives inequality (6.2). 


□ 
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Remark 6 . 6 . Let /: XxSxR ^ [0 ,+cxd] be a Borel function such that ($, 17 ) 1 -^ 
is positively one-homogeneous for every x & X, and let co / be the lower semicontinuous 
convex envelope of / with respect to (5, 17 )- By applying (6.2) to co/ we obtain 

(co/, (5bar(^) ) ^ (/)M) 

for every 71 G GY (X; S). 

The opposite inequality requires special conditions on / and /i, as shown in the following 
lemma, that will be used in [ 10 ]. 

Lemma 6.7. Let 71 G GY{X;'E.), let f: XxSxR ^ [0,-|-oo] be a Borel function such 
that (^, 77 ) 1 -^ f{x, rf) is positively one-homogeneous for every x € X, and let co f be the 
lower semicontinuous convex envelope of f with respect to (^, rf). Assume that (/, 71 ) < 
(co/, (5bar(p)) < + 00 . Then suppTi is contained in the closure of {/ = co/}. 

Proof. Using the hypothesis and (6.2) we obtain 

(^*^/) ^bar(p)) — (c^/iM) — if J T) — (^^/i'^bar(^)) 7 

hence, (/ — cb/, 71 ) = 0. Since f — co f and 71 are nonnegative, we conclude that suppTi is 
contained in the closure of {/ = cb/}. □ 

7. Compatible systems of generalized Young measures 

Let 7 I C R and let t 1 -^ p{t) be a function from A into Mb(Y;S). For every finite 
sequence ti < t 2 < • ■ • < tm in A we consider the measure (p(ti),... ,p{tm)) S Tfb(Y; S’”) 
and the corresponding generalized Young measure 

:= ^(p(D)....,p(t™)) e GY{X- S’”) (7.1) 

introduced in Definition 3.2, with S replaced by S’”. To describe an important property 
of this family of generalized Young measures it is convenient to introduce the following 
definition. 

Definition 7.1. If {si, S 2 ,..., s„} C {ti,t 2 , ■ ■ ■ Am} C R, with si < S 2 < • • • < s„ and 
ti < t 2 <■•■< tjn, we define the projection : YxS’"xR ^ YxS”xR by 

(a;, 61, ■ • ■, 6m,»?) = { x , 61, ■ • ■, 6„, ??) • 

Remark 7.2. It is easy to see that the family of generalized Young measures (7.1) satisfies 
the compatibility condition 

whenever {si, S 2 ,..., s„} and {ti, t 2 , ■ ■ ■, tm} are as in Definition 7.1. 

This motivates the following definition. 

Definition 7.3. A compatible system of generalized Young measures on X, with values in 
a finite dimensional Hilbert space S and with time set A C R, is a family fj, = 
of generalized Young measures S GY(Y;S’”) satisfying the compatibility condition 

(7.2), with ti,. ■ ■ Am running over all finite sequences of elements of A with ti < t 2 < • ■ ■ < 
tm- The space of all such systems is denoted by SGY{A,X]E) and is equipped with the 
weakest topology such that the maps 71 1 -^ from SGY{A,X;E) into GY(Y;S’”), 

endowed with the weak* topology, are continuous for every m and every finite sequence 
ti,. ■ ■ Am in A with ti < t 2 < • ■ • < tm ■ Although this topology is not induced by duality, 
we shall refer to it as the weak* topology of SGY (A, Y; S). 

Definition 7.4. Given a function 1p{t) from A C R into Mt{X; S), the family 
defined in (7.1) is called the compatible system of generalized Young measures associated with 
1 1 -^ p{t). 
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The compatibility condition (7.2) implies that the barycentre of is completely 

determined by the barycentres of fiti , ■ • •, ■ 

Proposition 7.5. Let ji € SGY{A, X;E). Then 

bar(^tj,..t^) = (bar(/itj,... ,bar(^t^)) 


for every finite sequence ti,... ,tm in A with ti < t 2 < ■ • • < tm ■ 

Proof. Let (pi,... ,Pm) ■= bar(/xtj,,,t^) and qi = bar(p.tj for i = Using (6.1) for 

every (pi,..., (pm) S C'(X; S’”) we have 


m p m 

/ p.-dpi = ^((pi(a;)-^*,Pti...t^(x,^i,...,Cm,?7)), 

i=i i=i 

/ (pi-dqi = {(pi{x)-^i,pti{x,fi,ri)) for i = 1, ..., to . 
Jx 

The compatibility condition (7.2) implies that 

(x) ■ fi, ■ ■ ■ ,^m,v)) = (Pi (a;) • fi, Pu {x,£.i,v)) 

hence (7.3) and (7.4) yield 

m « m ^ 

Y Ti-dpi=Y ‘Li- dqi 
i=i dx Jx 

for every (pi, ..., p^) G C{X-, S’"). This gives Pi = qt for i = 1, ..., to. 


(7.3) 

(7.4) 


□ 


The notion of left continuity, introduced in the next definition, is very useful in the 
applications. 

Definition 7.6. A system p G SGY{A, A; S) is said to be left continuous if for every finite 
sequence ti,... Am in A with ti < ■ ■ • < tm the following continuity property holds: 

^ weakly* in Gr(A; S’") (7.5) 

as Si ^ ti, with Si € A and Si <ti. 

The following theorem proves the weak* compactness of the subsets of S'GA(A, A;S) 
defined by imposing bounds on the norms of pt for every t £ A. 

Theorem 7.7. For every function G: A ^ [0, +oo) the set 

{p G 5'Gy(A, A;S) : ||pt||* < G(t)/or ererp t G A} (7.6) 

is weakly* compact in 5'GA(A,A;S). 

To prove the theorem we need the following lemma which provides an estimate of the 
norm ||pti,,,t„, ||* in terms of the norms l|ptj|*. 

Lemma 7.8. For every p G 5'Gy(A, A;S) we have 

m 

llptl...tm II* — ^ ' llpttll* 

i-1 

for every finite sequence ti,... ,tm in A with ti < t 2 < ■ ■ • < tm ■ 

Proof. By Remark 2.9 and by the compatibility condition (7.2) we have 
l|ptl...tm II* “ (I (Cl) ■ ■ • ) Cm) d) I) Ttl...tm (a^) Cl) ■ • ■ ) Cm) v)) — 

m mm 

< X!^l(CDt?)l,Mti...tm(a;,Ci) ■)Cm)?7)) = Tu{x,f,i,p)) = Y WluW* , 

i—1 i—1 i—1 

which concludes the proof. □ 
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Proof of Theorem 7.7. By Lemma 7.8 for every function C: A ^ [0,+oo) the set defined 
in (7.6) is contained in the set of all G SGY{A,X;E) such that 

m 

i=l 

for every finite sequence in A with ti < t 2 < ■ • ■ < tm- As the topology in 

SGY (A, X; S) is induced by the product of the weak* topologies of the spaces GY (X; S™) 
corresponding to the projections ) f^e set (7.6) is compact in the weak* topology of 

SGY{A, X;'E.) by Tychonoff’s Theorem. □ 


Remark 7.9. If = {oq, ai, ..., a^} , with uq < ai < • • ■ < ak , then for every fj, G 
GY{X]E^~^^) there exists a unique system G SGY{A,X;E) such that Mao■■■afe “ h-- 
This system is defined by 

for every ■ ■ ■ Am} C {oo, oi,..., ak} with ti < t 2 < ■ ■ ■ < tm ■ 

The notion of piecewise constant interpolation will be useful in the application to evolution 
problems. 


Definition 7.10. Let A = {oq, ai, ..., Uk] , with oq < oi < • ■ • < . For every t\,. ■ ■ Am 

in [ao, flfe] with ti < t 2 < ■ ■ ■ < tm let xM ^ XxS™xM be defined by 


with fa = faj, where j is the largest index such that aj < ti. For every p G GY (X; S^+^) 
the piecewise eonstant interpolation of p is the element of SGY {[ao, Ok], X ■,E) defined 

by 

■= Pti...t,„{p) (7.7) 

for every ti,... ,tm in [aoj Ofc] with ti < t 2 < ■ ■ ■ < tm ■ 


Remark 7.11. It is easy to check that Ps^...s„ = whenever {si, S2, ..., s„} C 

{ti, ^2, • ■ •, tm} C [oo, Ofc] , with Si < S2 < • • • < s„ and ti < t2 < • ■ • < tm- Therefore the 
family of generalized Young measures (Mif.^.t^) defined by (7.7) satisfies the compatibility 
condition (7.2). 


8 . The notion of variation 

In this section we study the notion of variation on a time interval of a compatible system 
of generalized Young measures, and prove a compactness theorem which extends Helly’s 
Theorem. 

Definition 8.1. Given a set xl C K., the variation of m G SGY{A, X-,E) on the time 
interval [a, b], with a, b G A, is defined as 

k 

Xai{p-,a,b) := sup^(|5* - ptott...tk{x,f,o, ■ ■ ■ Ak,p)), 

i=l 

where the supremum is taken over all finite families toAij---Ak in A such that a = to < 
ti < ■ ■ • < tk = b (with the convention Var(/i; a, 6) = 0 if a = 6). 

Remark 8.2. If p is the compatible family of generalized Young measures associated with 
a function t ^ p{t) from A into Mh{X-,E) according to (7.1), then Xar{p-,a,b) reduces to 
the variation of 1 p{t) on [a, 5] n A. 
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Remark 8.3. Returning to the general case, the compatibility condition (7.2) yields 

k 

Var(/i;a,6) = sup^^dCi - I, C*,’7)), 

i=l 

where the supremum is taken over all finite families to,ti,... ,tk in A such that a = to < 
h < ■ ■ ■ < tk = b. 

Remark 8.4. If G A and ti < t 2 < ts, by the compatibility condition (7.2) and 

by the triangle inequality we have 

(l?3 - 6l,Miit3(a;,6,C3,»7)) = (16 - 6l.Miii2t3(a;,6.6,6,»7)) < 

< (16 - 6l)Mtii2i3(a^)6)6)6>’7)) + (16 -6l>Miit2t3(a^>6)6>6>’7)) = 

= (16 -6I.Mi2t3(a;,6.6.’7)) + (16 - 6l,Mtit2(a;,6,6,»?)) • 

Using this inequality it is easy to deduce from Remark 8.3 that 

Var(/x; a, c) = Var(/x; a, b) + Var(^; b, c) (8.1) 

for every a,b,c G A with a < b < c. This implies in particular that the function t 
Var(/x; a, t) is nondecreasing on A n [a, +oo). 

Remark 8.5. If ^4 = {ao,...,afe} C K is a finite set, with uq < oi < • • • < ^ S 

GY{X;E^~^^), and G SGY{A, X;'E.) is the associated system defined in Remark 7.9, it 
follows from (8.1) that 

k 

Var(^^;ao,afe) = ^^(16 - 6-i|.Mai_iai(a;,6-i,6.’7)) = 
k 

^ ■ ■ ■ ,£,k,'n)) ■ 

2=1 

It is easy to see that, if G S'GF([ao, Ofc], X; S) is the piecewise constant interpolation 
of ^ defined by (7.7), then 

k 

Var(/il^l;ao,afc) = Var(^^; oq, Ofc) = y](|6 - 6-i|,Mai_iai(a;,6-i.6,»7)) 

2=1 

k 

= “ 6-i|,M(a;.6,- ••.6,’7)) ■ 

i=l 

Definition 8.6. Let ft,; S ^ [0,+oo) be a positively one-homogeneous function satisfying 
the triangle inequality. Given a set A C M, the h-variation of /x G SGY[A, X-,'E?) on the 
time interval [a,ft], with a, ft G Gl, is defined as 

k 

Var?,(/x; a, ft) := sup y](ft(^i - fttoti-tt (a;, 6, ■ • •. 6, ft)), 

where the supremum is taken over all finite families to i fi, • ■ •, 6 in A such that a = to < 
ti < ■ ■ • < tk = b (with the convention Varft,(/i; a, ft) = 0 if a = ft). 

Remark 8.7. It is well known that every positively one-homogeneous function ft: S —> 
[0, -boo) satisfying the triangle inequality is continuous and satisfies an estimate of the form 
^(6 ^ cj^l for some constant c. It follows that Var/j(^;a, ft) < cVar(^;a, ft). It is easy to 
see that all properties of Var(/i; a, ft) proved so far can be extended to Varft,(/x; a, ft). 

Using the compatibility condition it is easy to prove the following lemma. 

Lemma 8.8. Let T > 0 and let fj, G 5'Gy([0,T], X; S) with Yar{fj,;0,T) < -boo. For every 
f G G)]®™(XXSXK.) the function 1{f,y^t) has bounded variation on [0,T]. 
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The proof is omitted, since it is similar to the proof of the following lemma, which will 
be used in Theorem 9.7. 

Lemma 8.9. Let T > c > 0 and let S S'GF([0, T], X; S) with Var(/x;0, T) < +oo. 
For every f G xR) the function ^l{t) := {f,^t,t+c) has bounded variation on 

[0,T-c\. 

Proof. Let V(t) := Var(^; 0, t) for every t G [0, T]. Let us fix / G {X xF? xR) and let 
a be a constant satisfying (2.1). Let ti,t2 with 0 < + c < t2 < ^2 + c < T. Using 

the compatibility condition (7.2) and (8.1), we obtain 

^ ^(1^2 ^l| “t“ 1^2 ,ti+C,t2,t2+c{x ^ ^15^17^2, ^2 5^)) 

= a(|^2 - fi\,tJ-tut2{x,fi,£.2,v)) +a(l^2 - ^'i\, Lti+c,t2+c{x,£.'i,£.2,v)) < 

< V{t 2 ) - V{ti) + V{t 2 + c) - V{h + c). 

The same inequality can be proved if 0 < ti < ^2 < U + c < t2 + c < T. As U is 
nondecreasing, we conclude that the total variation of <I>^ on [0, T — c\ is less than or equal 
to U(T-c)+U(T). □ 

The following result can be considered as a version of Helly’s Theorem for compatible 
systems of generalized Young measures. Note that this is a sequential compactness result, 
in contrast with Theorem 7.7. 

Theorem 8.10. Let T > 0 and let he a sequence in S'GY([0, T], A; S) such that 

supVar(/;0,T) < G, (8.2) 

k 

supIlAitJI* < G*, (8.3) 

k 

for some to G [0,T] and some finite constants C and G* . Then there exist a subsequence, 
still denoted jjf, a set 0 C [0,T], containing 0 and with [O,T]\0 at most countable, and 
a left continuous fi G S'GY([0, T], A; S), with 

Var(^;0,T) < G, (8.4) 

||/xt||* < G* + G for every t G [0,T], (8.5) 

such that 

weakly* in GY{X-~X) (8.6) 

for every finite sequence ti,... ,tm in Q with 0 <ti < ■ ■ ■ < tm < T. 

Proof. The proof is divided in several steps. 

Step 1. Boundedness of begin by proving that is bounded uniformly 

with respect to t G [0,r] and k. Let us fix t <to. By the compatibility condition (7.2) 

{\^\,k'Hx,^,v)) - = {\f\,p,^t^{x,£,,fo,v)) - {\^o\,l^ttoix,^,fo,v)) < 

< {\^-^o\,Tttoix,i,^o,v)) < Var(/;t,to) < G. 

Thanks to Remark 2.9, from (8.2) and (8.3) we obtain that 

sup||/xf|U <G*+G (8.7) 

k 

for every t G [0,to)- A similar argument proves (8.7) when t G [to,T]. 

By Lemma 7.8 and (8.7) we obtain 

yt..tJ*<miC.+C) 


for every finite sequence ti,... ,tm with ti < • • ■ < tm ■ 


( 8 . 8 ) 
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Step 2. Choice of the subsequence. Let D be a countable dense subset of [0,r] containing 
0. By the compactness Theorem 3.11, using (8.8) and a diagonal argument, we can extract 
a subsequence, still denoted /i^, such that, for every si,..., Sm in D with 0 < si < • • • < 
Sm < T, the sequence tisi...s,n converges weakly* in GY{X;E"^). 

Step 3. Choice of 0. Let V'^{t) := Var(^^; 0, t). Since is nondecreasing, by (8.2) and by 
Belly’s Theorem there exists a subsequence, still denoted , such that, for every t G [0, T ], 
B^(t) ^ V{t), where B is a nondecreasing function on [0,T] with values in [0, C]. Let 

0 := {0} U {t G (0, T] : lim B(s) = V(t)} . (8.9) 

Step 4- Convergence and left continuity on 0. Let us fix two finite sequences ti,... ,tm 
and si,..., Sm in [0, T] such that 0 < si < B < • • • < Sm < tm < B. We want to estimate 
the difference ~ Msi...s™ • Let / G C')(°™(XxS™ xR). Then there exists a constant 

a such that 

m 

|/(x,^ti,.. .,^ 4 ^, 77) - f(x,Ci,---,C,n,v)l < • (8-10) 

By the compatibility condition (7.2) we have the estimate 

\{f j ^tm 7 f ^Si ■ j ^Sm f V) f f^Siti...Smtm 7 7 ■ ■ ■ 5 ^Sm 7 ^tm 5 ^)) I — 

m 

— ^ ^ ^ {\^ti ^Si 1 ) f^Siti...Smtm 5 'Cil ; ’ ' ’ 5 5 ^i-m 5 ^)) 

m 

which by (8.1) gives 

m 

• (8.11) 

i=l 

A simple modification of the proof shows that (8.11) holds even if 0 = si = B < S2 < ^2 < 
■ ' ' ^ C: tjn Cl C . 

If ti,... ,tm G 0 with 0 < ti < ■ ■ ■ < tm C T, for every e we can choose si,..., Sm G D, 
with 0 < Si < ti < S 2 < t 2 < ■ • ■ < Sm C tm C T, such that a^^{V{ti) — V{si)) < e. Using 
(8.11) we deduce that |(/, < £ for fc large enough. Since the sequence 

{f,h'si...sj converges, we have \{f,fJ,s,...sJ “ {f,h-s[...sm)\ < ^ foe k,k' large enough. It 
follows that < 3£ for k,k' large enough, hence is a 

Cauchy sequence for every / G C')(°™(AxS™ xR.). By (8.8) we deduce from Lemma 2.4 
that, for every U,..., tm in 0 with 0 < ti < ■ ■ ■ < tm C T, the sequence converges 

weakly* to some element of GY{X;E"^) satisfying 

\\iit,...tJU<miG, + C). (8.12) 

We observe that, given ti,... Cm and si... Sm in 0, we can pass to the limit in (8.11) 
and obtain 

m 

< aY^{V{ti) - U(s^)) (8.13) 

for every / satisfying (8.10) and every pair of finite sequences ti,...,tm and si,...,Sm 
in 0 such that si < U < S2 < ^2 < • • • < Sm < tm • Using the dehnition (8.9) of 0 
and Lemma 2.4, we deduce from (8.12) and (8.13) that, for every ti,...,tm in 0 with 
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< • • • < , we have ^J,si...sm weakly* in GY{X; , as Si ^ U, S 0, and 

Si Y ti . 

Step 5. Extension to [0,r]. It remains to show that we can define when some U 

does not belong to 0, in such a way that the resulting system of generalized Young measures 
satisfies the compatibility conditions, inequalities (8.4) and (8.5), and the continuity property 
(7.5). To this purpose, it is enough to observe that, since V has a finite limit from the left 
at each point, we have 

m 

hm Y.{y{s't)-V{s't'))=Q (8.14) 

K.k —*oo ' ^ 

for every sequence (s^,..., s^) in 0™ with ^ ti, s^ <ti. Indeed, if ti ^ 0, we have 

V{s'l)^V-{U)-.= hm y(s). 

S—^ti 

S<ti 

For these sequences (s^,..., s^) we can deduce from estimate (8.13) that (/, P's'‘...s>= ) satis¬ 
fies a Cauchy condition for every / satisfying (8.10). By (8.12) we deduce from Lemma 2.4 
the existence of the weak*-limit of asSj^C, Sj G 0, and Si < ti. We take such a 

weak* limit as the definition of ■ Clearly satisfies (8.12) and, by construction, 

from (8.13), we deduce that for every / satisfying (8.10) and every pair of finite sequences 
ti,..., tm and si,..., Sm in [0, T], with 0 < si < ti < S2 < t2 < • ■ • < Sm < t^ < T, there 
holds 

m 

< a'^{V-{ti) - V-{si )), (8.15) 

i=l 

where V~ is the left-continuous representative of V defined by (8.14). The continuity 
property (7.5) follows easily from (8.15) and from Lemma 2.4. 

For every finite sequence ti,..., t^ in 0 with ti < • ■ • < tm have 

m 

Passing to the limit as A: —^ (X), we obtain 

m 

~ ^i-11) Mti-lit (2^) —1) Cu ^)) ^ C 

i=l 

whenever ti,... ,tm G 0. This restriction can be removed by an approximation argument, 
and this proves (8.4). 

The compatibility condition (7.2) for implies that 

for every / G C^°"*(YxS^ xR) and every pair of finite sequences si,..., s„ and t\,... ,tm 
in [0, T] with si < • • • < s„, ti < ■ • ■ < tm, and {si,..., s„} C {ti,..., tm} ■ Passing to the 
limit as k —>■ 00 , we obtain 

(/,MM...^n) = if , 

whenever Si and tj belong to 0. This restriction can be removed by an approximation 
argument, therefore fx G SGY ([0, T],X]E). □ 

We conclude this section by proving the lower semicontinuity of the /i-variation. 

Theorem 8.11. Let T > 0 and let pL^ he a sequence in S'GY([0, T], Y; S). Suppose that 
there exist a dense set D C [0,T], and a left continuous pt G S'GY([0, T], Y; S) such that 

weakly* in GY(Y;S’”) 
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for every finite sequence ti,... ,tm in D with ti < ■ ■ • < tm ■ Then 

Var/i(/i; 0, T) < liminf Varft,(/x*; 0, T) 

k—^oo 

for every positively one-homogeneous function /i: S ^ [0,+oo) satisfying the triangle in¬ 
equality. 

Proof. Let us fix h. For every finite sequence ti,... ,tm in D with ti < • • • < tm we have 

m 

V)) < Var/j(^'=; 0, T). 

Since h is continuous (Remark 8.7), passing to the limit as A: ^ oo we obtain 

m 

< hminfVar^(/r'";0,T) 

k^oo 

whenever ti,... ,tm S D. The same inequality can be proved when ti,. • ■, tm G [0: by 

an approximation argument, thanks to left continuity. The conclusion is obtained by taking 
the supremum with respect to ti,..., tm ■ Q 

9 . Weak* derivatives of systems with bounded variation 

In this section we introduce the notion of weak* derivative of a compatible system of 
generalized Young measures on the time interval [0,T], with T > 0, and prove that, if 
Var(/x;0,T) < +oo, then the weak* derivative exists at almost every t S [0,T]. 

Definition 9.1. Given p, S 5'GY([0, T], Y; S), the difference quotient of p between times 
ti and t 2 , with 0 < ti < t 2 < T, is the element of GY{X;E) defined as the image 

9tlt2 {h‘tit2) 

of Pht^ under the map qt^t^ • YxSxSxK. ^ YxSxR defined by 

= (x, ■ 

Remark 9.2. It follows from Definition 3.18 that the difference quotient is characterized 
by the equality 

{f{x,£.,v),(ltit2il^Ht2){x,£.,v)) = {f{x,^E§^,v),Ptit2{x,^i,£.2,v)) 
for every / e G'‘°™(YxSxR). 

Remark 9.3. It follows from the definition of barycentre that 

= (9.1) 

12 — tl 

In particular, if p is the compatible system of generalized Young measures associated with 
a function t p{t) from [0,T] into Mh{X]E) according to (7.1), then 

Qtit2{h'tit2) — 9*1*2 ('^(p(tl),p(t2))) ~ *^ p(*2)-p(*l) (9-2) 

*2 -*1 

(see Definition 3.2). 

Definition 9.4. We say that p G S'GY([0, T], Y; S) has a weak* derivative ptg at time 
to G [0,T] if quoiptto) Ptg weakly* in GY(Y;S) as t ^ tfi and qtgtiptgt) ptg weakly* 
in GY (Y; S) as t ^ , which is equivalent to 

{f{x,fo,'n),P-tg{x,fo,v)) = lim {f{x, ^E^,v),pttg{x,^,fo,'n)) = 

t^tg 

= ^ixa^{f{x,^E^,v),Ptot{x,fo,^,v)) 
for every / G G'‘°'"(YxSx]R). 


( 9 . 3 ) 
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Remark 9.5. It follows from (9.2) that, if /i is the compatible system of generalized Young 
measures associated with a function t ^ p{t) from [0,T] into Mb{X]E) according to (7.1) 
and 

p{t)-p{h) 

t-to 

strongly in Mb(X]E) as t ^ to, then fj, has a weak* derivative at to and 

ptg ^p(to) • 

This is not true if 


Pjt) -pjtp) 
t - to 


Pito) 


(9.4) 


only in the weak* topology of Mi,{X; ^). However, using Remark 9.3, in this case we obtain 

bar(/itj =p{to), 

if the weak* derivative of ■= ^(p(tx),...,p(tm)) exists at to- 

An example where (9.4) holds but ptg ^ ^p{to) ? can be constructed in the following way. 
Let T = 2, X = [—1,1], S = M, let A be the Lebesgue measure, let w: K ^ R be the 
2-periodic function defined by 


;(x) := 


1 if 2fc < a; < 2fc + 1 for some fc G Z, 
— 1 if 2fc — 1 < a; < 2fc for some fc G Z . 

For every t G [0,2] let u{t) G L^{X) be the function defined by 


.((,*):= I*' 

^ ^ |o ift = 1. 


As t ^ 1 we have 


while 


u{t) — m(1) 


t - 1 


0 weakly* in Mb{X] .^), 


t-1 


i(5i + \5-i weakly* in GY{X]^). 


which implies /ii = + \5-i. 

Remark 9.6. If /a G S'GY([0, T], A; S) has a weak* derivative pto time tp G [0,T], then 

bar(/at) - bar(^to) 


t - to 


bar(/itj 


weakly* in Mb{X]E) as t ^ to- This follows from (9.1) and Remark 6.4. 

The following theorem is the main result of this section. 

Theorem 9.7. Let T > 0 and let p G S'GY([0, T], A; S) with Var(/a;0, T) < +oo. Then 
the weak* derivative fit exists for a.e. t G [0,T]. Moreover, for every f G G^°™(AxSxIR) 
the function t {f,Pt) is integrahle on [0,T]. Finally, if h: S ^ [0,+oo) is a positively 
one-homogeneous function satisfying the triangle inequality, then 

[ {HO,Pt{x,^,'n))dt <YaThip]a,b) (9.5) 

J a 

for every a, b € [0,T] with a <b. 

Proof. Some ideas of this proof are borrowed from the proof of [2, Theorem 4.1.1] on the 
existence of the metric derivative of a Lipschitz curve. 

Step 1. Boundedness of the difference quotients. By Remark 2.9 and by (3.1) for every 
ti, t 2 G [0, T ], with ti <t 2 , we have 

lktit2(Mtit2)IU < Tutrix, fi, £,2,’n)) + {p,pttt2{x,£i,£2,v)). 
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Let V: [0,T] ^ [0,+oo) be the nondecreasing function defined by 

V(t) :=Var(^;0,t). (9.6) 

By (3.2) and (8.1) we conclude that 

||<?ili2(Mtlt2)IU < ■*" • 

Let to S [0j2^] be a point where the derivative of V exists. By the previous inequality we 
have that 

lktto(Mtio)IU and 

are bounded uniformly with respect to t. By the separability of C'^°'"(XxE!x]R) there 
exists a countable dense subset T of the set C'^°'"(XxE!x]R) introduced in Definition 2.5. 
Therefore, since T is dense in C'^°™(XxSxR) (see Lemma 2.7), to prove the existence of 
the weak* derivative of \x at to h is enough to show that 

lim_(/(a;, ^^tto{x,^,^o,'n)) = bm (/(x, ^0,^,1!)) (9-7) 

f _ 

for every f G T. 

Step 2. Some auxiliary functions. In order to prove (9.7), let us fix / G iF and let Ti be a 
countable dense sequence in [0,T]. For every i we define 

Ci, (t - n)r]),p,triix,^,Ci,r])) at <Ti, 


ifiiit) := <( 0 


if t = Ti, 


(9.8) 


,{fix,f- Ci, {t - T,)r]),^irit{x,Ci,C,v)) if t > Ti. 

Let us prove that (p( has bounded variation. Let us fix ti, ^2 G [0,7"], with ti <t 2 . We 
consider first the case ti < Ti < t 2 ■ By the compatibility condition (7.2) we have 

(t2) - (p{ (tr)| < (|/(x, C2 - Ci, {h - n)^) - f{x, Cl - C^, {h - Ti)i?)|, Mtini2 (x, Ci, 6 , 6 , ’n)) ■ 
Since, by Remark 2.6, 


l/(x,C2 - C^, {h - n)r]) - /(x,Cr - Ci, (^r - Ti)?7)| < (IC2 - CrI + (^2 - fi)|i 7 l) WfWhom , 
using again (7.2) we obtain 

W{{t2) - < ((IC2 - Cr|,Ftit 2 (a^,Ci,C 2 ,? 7 )) + (^2 - ti) (|? 7 l,Ftit 2 (a:,Ci,C 2 ,i 7 ))) WfWhom- 

The same inequality can be proved when n < ti or n > t 2 - By (3.1), (3.2), (8.1), and (9.6) 
we conclude that 

(* 2 ) - ‘fii {ti)\ < {V{t2)-V{ti) + {t2-ti)X{X))WfWhom- (9.9) 

We now prove that for every ti, t 2 G [0, T] , with ti <t 2 , we have 

f{{t 2 ) - < (/(x,C 2 - Cl, {h - ti)r]),^itit 2 ix,Ci,C 2 ,v)) ■ (9-10) 

We consider first the case ti < n < t 2 ■ By (7.2) and (9.8) we have 

v{{t2) = (/(x,C2 - Cl + Cl - Ci, {h -h+h - Ti)?]), Utint^ix,Cl, Ci,C2,v)) ■ 

From the triangle inequality and from (7.2) we get 

^{(t2) < (/(x,C2 -Cl,(^2 -ti)r]),]it,t2{x,Cl,C2,V)) + 

+ {f{x,Ci - Ci, (ti - Ti)??),Ftin(x,Ci,Ci,» 7 )) , 

which gives (9.10) by (9.8). The proof in the cases Ti < ti and Ti > t 2 is similar. 

Let W: [0,T] ^ R be the increasing function defined by 

W(t) := V{t)+tX{X) 

and let a: [0, kF(r)] ^ [0,T] be the nondecreasing function defined by 

ct(s) := inf{t G [0, T] : W(t) > s} . 


(9.12) 



TIME-DEPENDENT SYSTEMS OF GENERALIZED YOUNG MEASURES 


27 


It is easy to see that 

a{W(t)) = t for every t G [0,T]. 

As W(t2) — W(ti) > (t2 — ti)A(X) for every ti <t2, we have 

(9.13) 

0 < ct(s 2 ) - (j(si) < (S 2 - Sl)/A(X) 

(9.14) 

for every si < S 2 , hence a is Lipschitz continuous. 

By (9.9) and (9.13) we have 


\(^p{ oa)(s2) - {(fii OCr)(si)| < |S 2 - si| WfWhom 


for every si,S 2 G 1T([0,T]). Therefore, there exists a function i/;/: 
that ifl (s) = ((p{ 0 ct)(s) for every s G 1T([0,T]) and 

[0,1F(T)] ^ R such 

If’! (S 2 ) - f’! (si)| < |S 2 - Si| WfWhom 

(9.15) 

for every si,S 2 G [0,1T(T)]. For every so G [0, VF(T)] let 


s^sq S Sq 


By (9.15)wehave \ip{ (so) < / iiom, and by Lebesgue’s Differentiation Theorem the limsup 
is a limit for a.e. so G [0, W (T)]. Finally, let : [0, W (T)] ^ R be the function defined by 

UJ^ (s) := snpip! (s). 

i 

(9.16) 

• r 

By the bound on tpl we have 

|w^(s)| < WfWhom 

for every s G [0, IF(T)]. 

(9.17) 

Step 3. The exceptional set. Let be the Lebesgue measure on R. By (9.14) and (9.15) 

there exists a measurable set N C [0,1F(T)], with £^(N) = 0, such that each point of 
[0, IF(T)] \ A^ is a Lebesgue point of oj^ for every f G IF and a differentiability point for if{ 
for every f & J- and for every i. Let Nw be the set of points of [0,T] where the derivative 
IF of IF does not exist. By Lebesgue’s Differentiation Theorem we have C^(Nw) = 0. 


Since a is Lipschitz continuous and W ^{N) = a{N n ty([0,T])) by (9.13), we have that 
C^{W~^{N)) = 0, hence 

C^NwUW-^N)) = 0. (9.18) 


Step 4- Estimate from below. Let us fix to ^ Nw U W ^{N), with 0 < to < T, and let 
So = W{to). As ip{{t) = ip{ (W{t)), from (9.10) we obtain 

-tp{{W{t 2 )) --tp{{W{ti)) < {fix, ^2 - 6.(^2 -tl)T]),IJ,titAx,^l,f 2 ,V)) 
for every ti,t 2 G [0,r] with ti <t 2 . This implies 

(W (to)) w(to) < liminf (f(x, ^,v), Mtto (a;, C, fo,v)), 

f _ 

M (W^(to))^(to) < lim inf {fix,^,T]),iitotix,fo,^,v)) 

•f _ 

z^Iq 

for every i, which by (9.16) gives 

uj-^(W(to))W(to) < \imint{f(x,^E^,ri),Htto(x,f,fo,v)), (9-19) 

uj^(W(to))W(to) < liminf{f(x,^E^,ri),p,tot(x,fo,f,v)) ■ 


(9.20) 
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Step 5. Estimate from above. To prove the opposite inequality we show that 

pW (^ 2 ) 

< U}^is)ds (9.21) 

Jw{ti) 

for every ti,t 2 , with 0 < ti < t 2 < T, such that W is continuous at ti or t 2 - We prove 
(9.21) only when W is continuous at ti , the other case being analogous. For every £ > 0 
there exists i such that Ti <ti and 


VF(ti)-VF(ri) <£. 

As 'ipf is Lipschitz, from the compatibility condition (7.2) we get 

ij;l{s)ds = 'il}l{W{t 2 ))= 


(9.22) 


riy(t 2 ) 


(9.23) 


hom 


/ (s) ds> 

= <f{{t 2 ) - = {f{x ,^2 - C *.(^2 - Ti)'n), IJ.ritit 2 {x,Ci,il,i 2 ,V)) “ 

- {f{x,^i -Ci.(ii -'ri)?7),Mntit2(a;,Ci.6,?2,?7)) • 

Using Remark 2.6 we obtain 

f{x,^2 - QAh -Ti)r]) > f{x,i2 -6,(^2 - (|5i - (it + (U - TiM) 

-f{x,^l -Ti)r]) > -(ICl -01 + (U -Ti)\v\) ll/IUom, 

so that, using again (3.2) and (7.2), inequality (9.23) and the definition of TU give 
^W(i2) 

/ ujf{s)ds > {f{x ,^2 - 0,(0 - ti)'n),fj'tit 2 {x,^i,^ 2 ,v)) - 2(lU(<i) - lU(r, 

Jwiti) 

By (9.22) we conclude that 

pW{t2) 

/ u}f{s)ds > (/(x,0 -0,(0 - 0)?7),Mtit2(a;,0,0,’7)) -‘^sWfWhom- 

As £ > 0 is arbitrary, this proves (9.21). 

Since W is differentiable at O and 1U(0) is a Lebesgue point of toV inequality (9.21) 
implies 

lim sup {fix, ?7), Mmo (x, 0 0, ’l)) < W'^(W (0)) W (0), 

t^t- 

limsup(/(x,|5|^,?7),/rtot(a;,0,0??)) < {W(to)) W(to), 


hom • 


which, together with (9.19) and (9.20), give 


lim {fix,^z^,v),^J■tto{x,e^o,v)) =u}^iWito))W{to)., 


t-to 

§r-iQ 


Im {fix, f^,v),IJ^totix, 0,0 ’l)) = iW (O)) W (O) • 

t—>tg 

By (9.18) this proves (9.7) and concludes the proof of the existence of the weak* derivative 
/ito for a.e. O G [0,T]. Moreover it shows that 

{fix,ev),f<'toix,ev)) = ujHwito))Wito) (9.24) 

for every f € T and for a.e. O G [0, T]. 

Step 6. Integrability of t ^ {f, ft)- To prove the measurability of this function for every 
/ G C'^°"*(AxSx]R), we fix a sequence £k of positive numbers converging to 0 and a 
function / G C^°"*(AxSx]R). By Lemma 8.9 the function 

4 -. . -i ( rr. c c 
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is measurable on [0, T —£fe]. Since it converges to 1 (/, /it) for a.e. t G [0, T] , we conclude 
that this function is measurable on [0, T]. The same property can be proved for an arbitrary 
/ G C'^°™(XxSx]R) by approximation, thanks to Lemma 2.4. 

By (9.17) and (9.24) we have 

|(/,At)l < W{t) WfWhom 

for every f € !F. The same inequality holds for any / G C'^°™(XxSx]R) by the density of 
T (see Lemma 2.7). Since W is integrable, this concludes the proof of the integrability of 
i ^ {f,M on [0,T]. 


Step 7. Estimate for Var?t(/r; a, 6 ). Let h: E ^ [0,+oo) be a positively one-homogeneous 
function satisfying the triangle inequality. Since the function t Var/i(/i; a, t) is nonde¬ 
creasing on [a, b], by Lebesgue Differentiation Theorem it is differentiable for a.e. t G [a, b] 
and 



—Var?i(/x; a, t) dt < Vaihifi; a, b). 


(9.25) 


Let to G (fl)^) be a point where 1 Var/j(/i; a, t) is differentiable and the weak* derivative 
fitg exists. By the definition of Var/i for every t G {to,b) we have 


Var?,(/x;a,to) + {h{^ - fo), < Var/i(/r; a, t). 


Since h is positively homogeneous of degree one, we obtain 

t r e ^ Var/j(^; a, t) - Var/j(^; a, to) 
fo, V)) < --■ 

From (9.3) we deduce that 

{hiO,lj'to{x,f,r])) < ^Var^(/x;a,t) 

Since this inequality holds for a.e. to G [a, b], from (9.25) we obtain 

/ {h{f),ixtix,f,r]))dt < Yarh{p-;a,b), 

J a 

which concludes the proof of (9.5). 


□ 


10. Absolute continuity 

In this section we introduce the notion of absolutely continuous system of generalized 
Young measures on the time interval [0, T], with T > 0, and prove that for these systems 
the /i-variation can be computed using the weak* derivative by the formula 

V&Thifi;a,b)= f {h{^),/it{x,£,,r]))dt (10.1) 

J a 

for every a, b € [0, T], with a < b. 

Definition 10 . 1 . We say that a compatible system of generalized Young measures fi G 
S'GY([0, T], A; S) is absolutely continuous on [0,T] if for every e > 0 there exists <5 > 0 
such that 

k 

- ?i|,Mai6i(a;,6,6.’7)) < e ( 10 - 2 ) 

for every finite family (ai, 6 i),..., (a^, hk) of nonoverlapping open intervals in [0, T] with 

k 

- ai) < S. 

7 = 1 



30 


G. DAL MASO, A. DESIMONE, M.G. MORA, AND M. MORINI 


Remark 10.2. It follows from Definition 3.2 that, if /r is the compatible system of gen¬ 
eralized Young measures associated with a function t p{t) from [0,T] into 
according to (7.1), then p is absolutely continuous on [0,T] if and only if t p{t) is 

absolutely continuous on [0,T] in the usual sense of functions with values in a Banach 
space. 

If t 1 -^ u{t) is an absolutely continuous function from [0,T] into L’'(Y;S) for some 
r > 1, then the derivative u{t), defined as the strong U’ limit of the difference quotients, 
exists at a.e. t G [0,T] (see, e.g., [5, Appendix]). By Remark 9.5 it follows that, if p is 
the compatible system of generalized Young measures associated with t u{t) according 
to (7.1), then pt = 6^^ for a.e. t G [0,T], and (10.1) follows from the classical theory (see, 
e.g., [5, Appendix]). 

If t 1 -^ p{t) is an absolutely continuous function with values in then the 

derivative p{t ), defined as the weak* limit of the difference quotients, exists at a.e. t G [0, T] 
(see [9, Appendix]). This is not enough to guarantee that pt = (5p(t) for a.e. t G [0,T] when 
p is the compatible system of generalized Young measure associated with t p{t) (see 
Remark 9.5). Therefore, in this case (10.1) cannot be obtained directly from known results. 


Remark 10.3. As in the classical case, it is easy to see that, ii p € S'GY([0, T], A; S) 
is absolutely continuous on [0,T], then Var(/x;0,T) < -|-oo. In this case, if V: [0,T] ^ 
[0, -|-oo) is the nondecreasing function defined by 

V{t) := Var(/x;0,t), 


then for every e: > 0 

k 

J2{Vib,)-Via,))<e 

for every finite family (oi, 5i),..., (ofc, bk) of nonoverlapping open intervals in [0, T] with 

k 

y^jbi - ai) <6 , 


i=l 

where 6 is the constant in the definition of the absolute continuity oi p. In particular, V 
is absolutely continuous on [0, T]. 


Theorem 10.4. Suppose that p G T], A; S) is absolutely continuous on [0,T] and 

that h: E ^ [0,-l-oo) is positively one-homogeneous and satisfies the triangle inequality. 
Then ^ 

Ya,Th{p;a,b) = {h{^), pt{x,^,r])) dt 

J a 

for every a, b G [0,T] with a<b. 


Proof. Let W be defined by (9.12). By Remark 10.3 W is absolutely continuous on [0,r]. 
By Remark 8.7 the function f{x,f,,ri) := h{f) belongs to G^°*"(AxSxM). Therefore, we 
can add this function to the set T introduced in Step 1 of the proof of Theorem 9.7 and we 
can consider the corresponding function : [0,1T(T)] ^ K. defined by (9.16). By (9.21) 
and (9.24) we have 

rW{tP) 

{h{f2 - fi),Ptit2{x,^i,f2,'n)) < uj^is)ds, (10.3) 

Jwiti) 

{h{f),pt{x,f,r])) =uj^{W{t))W{t) (10.4) 

for every ti, t2 G [0, T ], with ti <t2, and for a.e. t G [0, T]. 

By the definition of Yaxh{p;a,b) , inequality (10.3) implies that 

pW{b) 

Ya.Th{p;a,b) < / u)^{s)ds 


W(a) 


(10.5) 



TIME-DEPENDENT SYSTEMS OF GENERALIZED YOUNG MEASURES 


31 


for every a, b G [0, T ], with a < b. On the other hand, since W is absolutely continuous on 
[0, T], we have 



uj^{s) ds 




( 10 . 6 ) 


where the last equality follows from (10.4). The conclusion follows now from (9.5), (10.5), 
and (10.6). □ 
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